What is a NETWORK? Any CONNECTED GRAPH

Vertices of networks are often called nodes or terminals and represent “objects” 
cities, subway stations, computer servers, people, etc
· Edges of networks are called links and indicated connections among objects
airline routes, rail lines, internet connections, social connections, etc
Finding optimal networks that connect a set of points the cheapest

OPTIMAL NETWORK GOALS:

1) Connect all the “TERMINALS” = Vertices
· “CONNECT” DOESN’T HAVE TO MAKE an euler/hamilton path or circuit 

2) Total cost (length) of the network as small as possible (optimal) 
Example Network Problem: The weighted graph represents a system of roads connecting buildings of a company’s headquarters. The company is planning to upgrade its fiber optic cable through underground lines connecting its servers. The weights represent cost in millions of dollars to upgrade these cables between each building. The goal for the company is to find a network that utilizes the existing network of roads; connects all the buildings together; has the least cost. 

Key Term Requirements of network in the example:
1) SUBGRAPH: edges come from the original graph

2) SPAN: must include all vertices of the original graph
3) MINIMAL: total weight of the network must be as small as possible “OPTIMAL”
· Cannot have a circuit
· Information, cars, people, etc are allowed to travel along network in both directions
EXAMPLE: Based on the original graph, draw different examples of subgraphs and spans. 




SPECIFIC TYPE OF NETWORK:

TREE: a network (connected graph) with no circuits of any length

Which of the following graphs a – h represents a tree: Why or why not? 



Observation Questions for Graphs that are TREES: 
1) Is there a relationship between edges and vertices? 

ONE MORE VERTEX THAN EDGE or EDGES ONE LESS THAN VERTICES
2) Is there a special term you can use to describe the edges used?

EVERY EDGE IS A BRIDGE
SPANNING TREE: 
A subgraph of a network that connects all the vertices and has no circuits


“tree” inside of a graph using all vertices
EXAMPLE: For the given graph, find a spanning tree. 

PROPERTIES # 1 – 3 OF TREES:

PROPERTY #1:  

· In a tree, there is one and only one PATH joining any two vertices. 

· If there is one and only one path joining any two vertices of a graph, the graph must be a tree. 

Path joining any two vertices = connected graph

one and only one = no circuits exist

PROPERTY #2: IE no circuits

· In a tree, every edge is a BRIDGE. 

· If every edge of a graph is a bridge, then the graph must be a tree.

Every edge is bridge = no circuits because you can’t get back to any vertices to complete a circuit. 

PROPERTY #3:  

· A tree with N vertices has N-1 EDGES. 

· If a NETWORK has N vertices and N-1 edges, then it must be a tree. 

TREE/ NETWORK = connected

“Number of Edges is one less than the number of vertices in a tree” 
Practice Problems: A graph G has no loops or multiple edges. Identify if the graph (1) ALWAYS is a tree, (2) NEVER is a tree, or (3) SOMETIMES is a tree. 

1) G has 4 vertices and 3 edges.

SOMETIMES

2) G is connected with 4 vertices and 3 edges 

ALWAYS

3) G has 5 vertices and 5 edges.

NEVER

4) G has 5 vertices and 4 bridges.

ALWAYS

5) G has 10 vertices and 9 edges. 

SOMETIMES

6) G has 10 vertices and 11 edges.  

NEVER

7) G has 12 vertices and 11 bridges. 

ALWAYS

8) G is connected with 8 vertices and every vertex has degree 7.  

NEVER

SPANNING TREE: a subgraph of a network that connects all the vertices and has no circuits
1A. Is the following graph a tree? Why?
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1b. Find a spanning tree in the graph. 
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2A. Is the following graph a tree? Why?

[image: image3]
2b. Find a spanning tree in the graph. 

The graph itself is a spanning tree because it is a tree

PROPERTY #4 of Trees:

· If a network (CONNECTED GRAPH) has V vertices and E edges, then E ≥ V - 1.

In a connected graph, number of edges is greater than or equal to number of vertices minus 1. 
REDUNDANCY = Difference of EDGES and VERTICES plus ONE
R = E – V + 1 
Number of edges to remove from network to create tree
· If E = V - 1, then the network is a tree; if M > V - 1, the network has circuits and is not a tree. 

If R = 0; network is tree

If R > 0; network is not a tree

If Redundancy is positive, (R > 0), then many SPANNING TREES exist in network

However, It doesn’t identify which edges must be removed.


How do you find spanning trees?. 
1) Your goal is to remove R edges to create a tree.
 (Break Up Circuits)

2) DO NOT remove edges that are Bridges.  

EXAMPLE #1:

1) How many edges do you need to remove? 

R=1 = 8 – (8 – 1) 


Circuit = CDHC; CD, HC, HD 

2) How many possible spanning trees exist in this graph? 
3 ( remove one edge from circuit of 3 lines
EXAMPLE #2:  How many edges do you need to remove? R = 2 = 9 – 8 + 1 
2 EDGES TO REMOVE
Notice there are two separate circuits to break up CDHC and DEFGD which you need to remove one edge from each to make R =0

METHOD #1: FIND BY DRAWING

	REMOVE CD
	REMOVE CH
	REMOVE HD

	CD, DE
	CH, DE
	HD, DE

	CD, EF
	CH, EF
	HD, EF

	CD, FG
	CH, FG
	HD, FG

	CD, GD
	CH, GD
	HD, GD


METHOD #2: How might we know when we’ve found all spanning trees?

Circuit #1 = 3 edges 

Circuit #2 = 4 edges
Multiplication Rule: Remove 1 edge from Circuit #1 and Remove 1 edge from Circuit #2 

= 3 * 4 = 12

EXAMPLE #3: How many edges do you need to remove? R = 2 = 9 – 8 + 1

 2 EDGES TO REMOVE 

Notice there are two separate circuits to break up CDHC and DEFGHD which you need to remove one edge from each of those circuits to make R =0 
PROBLEM: HD is shared by both circuits

METHOD #1: FIND BY DRAWING

	REMOVE CD
	REMOVE CH
	REMOVE HD

	CD, DE
	CH, DE
	HD, DE

	CD, EF
	CH, EF
	HD, EF

	CD, FG
	CH, FG
	HD, FG

	CD, GD
	CH, GD
	HD, GD

	CD, DH
	CH, HD
	


METHOD 2: How might we know when we’ve reached finding all spanning trees? 

METHOD 2A: REMOVE THE ONE CASE OF HD CHOSEN TWICE:  3 * 5 – 1 = 14 

METHOD 2B: Break it Into Cases: 

Case #1: Exclude HD and then can exclude any of other 6 edges from circuits = 1 *6 = 6 

Case #2: Must Keep HD; Circuit #1 has 2 edges and Circuit #2 has 4 edges = 2 * 4 = 8
SPANNING TREE PRACTICE
For each of the below graphs, find the total number of possible spanning trees.




MINIMUM SPANNING TREE (MST): 
a spanning tree of a weighted network with the least total weight 

How many spanning trees exist in each of the given networks?

Network #1:


Network #2:



Network #3:

 (3*5 – 1) = 14


 (3*3 – 1) (4) = 32
 

(3*4-1)(3*4-1) = 121
How can we find the minimum spanning tree without checking all of the possible spanning trees?

Kruskal’s Algorithm for N vertices on a Network.
Step #1: Pick the cheapest edge available. 

· In case of a tie, randomly pick one edge.

· Mark it or somehow identify you chose it.

REPEAT: Pick the next cheapest link or edge available and mark it. 

· RULE #1: Cannot make a Circuit by choice

· RULE #2: Stop once you’ve chosen N-1 Edges 

· RULE #3: Vertices are allowed to have any degree > 0 
Example: The following graph represents roads connecting seven towns in a developing jungle region that is planning to lay fiber-optic cable. The cost of laying the fiber optic cable is represented by the weights of graph. Let’s find the minimum spanning tree (MST) using Kruskal’s Algorithm. 
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GF = 42, BD = 45, AD = 49, DG = 51, CAN’T USE AB, CD = 53, CE = 59

Positives of Kruskal’s Algorithm: 
It’s easy to implement – it doesn’t require a lot of complex steps

It’s an efficient algorithm – it doesn’t take long to complete. 

It’s an optimal algorithm – will always find a minimum spanning tree 

EXAMPLE PROBLEMS:
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3)  4*3 – 1  = 11 





2)  4*5 = 20 





1)  4





4)  4*5*(3*3  – 1)  = 160





5)  (3*5 – 1)(3*4  – 1)  = 154





4)  4*5*(3*3  – 1)  = 160





5)  (3*5 – 1)(3*4  – 1)  = 154





8)  Advanced: 8 + 15 + 12 + 16 = 39 (4 Cases)


Cases: Keep Both, Remove Both, Remove One and Keep Other (Vice Versa)





6)  3 * 4 * 6  = 72





7)  4*5*(4*4  – 1)  = 300
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